IDEALS OF FINITE CODIMENSION IN FREE ALGEBRAS AND THE FC-LOCALIZATION AMNON ROSENMANN AND SHMUEL ROSSET
The topology defined by all finite codimensional right ideals has interesting properties in the case of the free algebra and the group ring of a free group. Its open ideals are precisely the finitely generated essential ones. Finitely generated right ideals are closed and the Leavitt numbers of the associated localization are 1 and n -1. The proofs are, for the most part, applications of Schreier's method.
This research started when we first became acquainted with the (known) fact that the maximal ring of quotients of a free ring does not have the unique rank property, i.e. there are free modules over it that are of different finite ranks yet they are isomorphic. In fact, since the free ring, and the group ring of a free group have essential right ideals that are free of (countably) infinite rank, it turned out that over the maximal ring of quotients any two finitely generated free modules are isomorphic (see §5 below). But we noticed also that all the examples we had of finitely generated essential ideals, either in the free ring on n generators over a field K or in KG with G a free group of rank n, are of rank 1 + m(n -1). Our examples were all derived from subgroups of finite index (where Schreier's formula holds!) or by the fractal method, as in our paper [9] . Again, it turns out to be known, and due to Lewin [8] , that Schreier's formula extends to ideals of finite codimension in the free ring or the free group ring over a field. From here it is natural to conjecture that if one imitates the construction of the maximal ring of quotients, <2 max , but uses right ideals of finite codimension only, then the result would be a ring with the property that two free modules over it are isomorphic if and only if their ranks are congruent modulo n -1. This localization we call Qfc.
It is defined as L(L(R)) where

L(R) = limlHoin^/, R)\I is finite-codimensional in R}.
Note that a right ideal of finite codimension in the group ring KG is an analogue (and generalization) of the notion of subgroups of finite index in G: to a subgroup H of finite index in G corresponds the right ideal of KG generated by the augmentation ideal of KH. 351 The critical component in the proof (in §5) that free Qf c (i?)-modules, for R a free algebra on n variables or the free group ring of rank n over a field, are isomorphic if and only if their ranks differ by a multiple of n -1 is the interesting fact that in such a ring R an essential right ideal is finitely generated if and only if it is of finite codimension in R. This is proved in §3 using strong Schreier bases. It implies that finitely generated essential ideals can only be of rank l + /(τι-l).
It turns out that in a finitely generated algebra the linear topology defined by the ideals of finite codimension is a Gabriel topology, i.e. it satisfies the notorious T4 axiom. In fact, if R is a finitely generated algebra over a Noetherian commutative ring k and one defines the fctopology by saying that / is fc if R/I is a finitely generated /c-module, then this topology satisfies T4 also. We prove this in §1. In §2 we give, primarily in order to fix the terminology and notations, a short review of GabrieΓs point of view of localization theory (originally started by Johnson [6] and Utumi [11] ), torsion theory and injective modules. We also show, in this section, that in the commutative case the fclocalization is interesting for rings of Krull dimension 1.
The fc-topology, being analogous to the profinite topology of group theory, has some similar properties. For example, in §4 we show that, in analogy to a theorem of M. Hall ([5] ), finitely generated ideals in the free algebra or free group rings are closed. For free algebras this is easy enough (and a related result is already in [8] ). For free group rings the proof is harder and seems, to us, of interest. It is influenced considerably by an important, and not sufficiently well known, result of Hall (Theorem 5.1 of [4] and Theorem 3.4 of [5] ).
It is difficult to decide, in a paper such as this one, in what generality to do things. In §3, if one defines a Schreier basis and a strong Schreier basis over a commutative ring, the definition is complicated and working with it seems pointless since one loses sight of the main ideas. We therefore elected to work mostly over a field (except in §1) and to explain in several places what further generality can be achieved.
1. The Gabriel topology <9f C . If R is a ring then a Gabriel topology on R is a "linear" topology, that is, a topology that has a basis SF of neighborhoods of 0 that consists of right ideals, which satisfy the following special axiom T4: if / is a right ideal and there exists J G & such that for every x e J the "annihilator" (/ : Torsion -> Topology: the topology is defined by those ideals / such that R/I is a torsion module. Now let R be an algebra over a commutative Noetherian ring k. Let ^c be the linear topology on R, whose basic neighborhoods of 0 are the ideals of "finite codimension" in R, i.e. those ideals / such that R/I is finitely generated /c-module. It is clear that ^c satisfies Tl and T2. To prove T3, let I eS% c . If x e R then the annihilator, in R, of its residue class x e i£// is precisely (/ : x) and, as xi? is finitely generated over k, we see that (/ : x) is indeed in 3% c .
It remains to prove T4. Instead of proving this directly we apply Gabriel's theorem and show that the torsion theory associated to the fc-topology (see [10] , Ch. VI) is in fact a hereditary torsion theory. (This also proves Tl, T2 and T3 again.)
It is clear that if M is an i?-module and an element u has an open annihilator then uR is a ^-finitely generated i?-submodule and each of its elements also has an open annihilator. The torsion "radical" ί( ) associated to the fc-topology is obviously t(M) = sum of all i?-submodules that are finitely generated as fc-modules.
A module M is torsion iff t(M) = M. As above, it is evident that every submodule of t(M) is in t(M), and that direct sums and quotients of torsion modules are torsion. In order to show that the torsion theory obtained from the fc-topology is indeed a hereditary torsion theory it remains to show that t(M/t(M)) = 0, i.e. the theory is "extension closed" (see [10] ). To do this, it is enough to show that if z G M is such that zR is /^-finitely generated modulo t(M) then zR is contained in t(M). The assumption on zR means that there exist elements y\ 9 ... 9 y r in zR + t(M) such that, if U = Σy=iyfi> then zR C U + t(M). We now use the finite generation of R as a fc-algebra. Say R is generated by X\, ... , x n . As yj e zR + t(M) it follows that where Uβ € t(M) and a,j\ t € k for each j = 1, ... , r and / = 1, ... , n. Hence, if W is a λ -finitely generated i?-submodule of t(M) that contains all Wy/' s then for every monomial and hence for every element x of R, Thus the i?-submodule generated by the y 's is finitely generated over k (since k is Noetherian) and this implies that the same is true of zR. Thus, zR is contained in t{M), as required. D (1.2) EXAMPLE. It is instructive to see that in the free ring on infinitely many variables R = k(x\, Xι, ...) the "augmentation" ideal / = Σ%L\XiR is such that: (i) / is of codimension 1, (ii) I 2 is of infinite codimension, (iii) for every a G /, {I 2 : a) contains / and therefore is of codimension < 1. Of course, T4 does not hold in the fc-topology of this algebra.
We observe that Theorem ( The lemma explains the fact that essential ideals commonly occur in this domain. Curiously enough, the topology defined by all essential right ideals may not satisfy T4. Its torsion theory is evidently the "singular" torsion
If the ring is non-singular, i.e. Z(R) = 0, then this topology does satisfy T4. There is a topology, the "dense" topology, which is the largest topology relative to which R is torsion-free. It is the set of (essential) right ideals /, such that for every x eR, the left annihilator of (/ : x) is trivial.
The localization associated to a Gabriel topology & is defined as follows. If M is a right i?-module, let = lim Hom^(7, M).
It is an R^)-module and an i?-module in an obvious way and there is a canonical map M -> M^ whose kernel (see [10] (2.2) EXAMPLES, (i) The "maximal" localization, associated to the dense topology, is a very important object. It is denoted by M max and the ring by βmaχ(7?) or i? max . If & is any Gabriel topology on R such that R is torsion-free relative to SF then all open ideals in & are dense, i.e. 9~ is contained in the dense topology, and the natural map R$r -• i?maχ is an embedding. If R is non-singular this localization was described by Johnson [6] , the general case is due to Utumi [11] .
(ii) If R is finitely generated over a Noetherian commutative ring k then the fc-topology is Gabriel as shown in (1.1). Thus, if R does not have right ideals that are finitely generated as fc-modules then the localization i? fc is contained, canonically, in 2? max .
It is useful to have criteria that ensure that M^ = M&-. One useful criterion has already been mentioned, and it is that M be torsion-free. Another one is:
If all the ideals in &* are projective as R-modules then, for every module M, M&--
where Ext]^(/, -) = 0 since I is projective. As the direct limit is exact and t(M)^ = 0 (see [10] ) we get an isomorphism
This lemma is useful when R is a free algebra or a free group ring over a field, since then ideals are free.
If / is an open ideal in the topology & then the exact sequence gives rise, when Hom^(-, R) acts on it, to
Identifying Hom,R(i?, R) with R and passing to the limit, over 7, gives
-• ty(R) -+R-> R {^) -+ lim Ext ι R (R/I ,R)-+0.
Here we identified t(R) with
Urn Horn*(I?//, i?).
Assume now that R is torsion-free. Then we know that R^ = R$r = Qsr(R) and we get the exact sequence
We can use this exact sequence to analyze βf C (iϊ), when R is a commutative, finitely generated, Cohen-Macaulay algebra over a field. The local cohomology groups are of great interest. They are tools in duality theory and, for example, when R is a local Gorenstein ring of dimension 1 with residue field k then H^(R) is an injective hull of k.
The appearance of injective modules is not accidental. Returning now to the general case of a ring R and a Gabriel topology & on it, one says that a module E is ^-injective if for every injec- 
Free algebras and free group rings.
If R is an integral domain (such as the free non-commutative algebra over a Noetherian commutative integral domain k)-9 a right ideal / of finite codimension is essential because every right ideal is not finitely generated as a kmodule and hence must intersect / non-trivially (this also follows from Lemma (2.1)). From the Schreier method it is known (see e.g.
[8], where everything is done over a field), that in a finitely generated algebra over k, an ideal of finite codimension is finitely generated. We prove now that, in finitely generated "free algebras", being finite codimensional is the same as being finitely generated and essential. As mentioned before, we restrict the discussion to the case of a base field; the same result over a commutative Noetherian domain is much more cumbersome but not more difficult in principle.
We start by defining a Schreier basis and a strong Schreier basis, assuming that K is a field. So let R be a finitely generated ^-algebra, with a given set of generators X\, ... , x n and / a right ideal of R.
(3.1) DEFINITION. A Schreier basis for i?//, relative to a given set of generators X\, ... , x n , is defined as a set B of J£-linearly independent monomials in x\, ... , x n , that spans a subspace V in R that is complementary to / (that is, /+ V = R, 7n V = 0), and which is closed to "taking initials". This means that every element b in B has a presentation b = x iχ x if {ij-e {1, ... , ή) for j = 1, ... , r) such that all its initial segments X[ χ Xι s , 0 < s < r, are also in B and are distinct. Here the empty word is taken as the unit element 1.
A strong Schreier basis is a Schreier basis that has the additional property that every monomial x f Xi m of "length" m lies in 1+ (the linear span of the elements of length < m in B). Here the length of an element of B is the minimal length of a presentation of it which is closed to taking initials. REMARK . It seems that the definition of a Schreier basis that is usually given does not include the requirement we make for "strong Schreier basis". On the other hand, the Schreier bases that are ob-tained by well ordering techniques are more than "strong" (see e.g. [8] ). Our Lemma (3.2) shows that one can construct strong Schreier bases in a very simple inductive way.
The way the Schreier basis gives a generating set for / is well known. In the notation above, if π: R -> V denotes the projection onto V (with kernel /) then / is generated by the set {bxi -π(bxj)\b e B, i = 1, ... , n}. 
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It is clear that, as constructed, B is a linearly independent set that spans a subspace V such that / n V = 0. It is also clear that B is closed with respect to taking initial segments. We now prove, by induction, the "strong Schreier" property of B-that every monomial of length n is in the linear span of B n modulo /. For n = 0 this is trivial. Assuming the result for monomials of length < n -1 (n > 1), let g be a monomial of length n. Then g = g'xt for some g f of length n -1 and some /. We denote the linear span of Bj by Vj . Then we know, from the inductive hypothesis, that g' e I + V n _\. From the maximality of B f n , it is seen that for every i = 1, ... , n, if A is a monomial of V n _\ then hxt is in / + V n . In particular, / + V = i? and the proof is complete. D
IfR is a free algebra K(x x , ... , x n ) or the group ring KG of a finitely generated free group then a right ideal is finite codimensional if and only if it is finitely generated and essential Proof, By the above, it remains to prove that a finitely generated and essential ideal is finite codimensional.
We use the letters X\, ... , x n to denote both the free variables in the free algebra as well as a basis of the free group.
If n = 1 then K(x) and KG are principal ideal domains and the result is trivial. Thus, we assume that n>2.
Let / be a finitely generated essential ideal in the ring, and let B be a strong Schreier basis for R/I, relative to the generating set Xι, ... , x n if R = K{xχ, ... , x n ), or the set x x , xf 1 , ... , x n , x~ι if R = KG. We must prove that B is finite. Assume not. Let V be the linear span of B, so that I + V = R is a direct sum, and let π: R -> V be the corresponding projection onto V, "parallel" to /. According to Lewin [8] , / is freely generated by the set
Since / is assumed to be finitely generated, this last set must be finite. We can now complete the proof in a way that is analogous to the case of K(x) above. Let b\ and bi be elements of B of the same length s, s > r, that end differently, i.e. when written in reduced form their last letters are different. We claim that the principal right ideal generated by b\ + &2 has trivial intersection with /. Indeed, if 0 Φ a € KG let g G G be a monomial of maximal length appearing in a. Then it is clear that either b\g or big is of length s + l(g) and thus, as we showed above, is in B. This last element is linearly independent (mod/) of all other group elements occurring in (b\ + 6 2 )α So, we see that
In(b l +b 2 )R = {0}, which contradicts the essentiality of /.
It follows that B is finite, i.e. / is of finite codimension, as claimed. D
It is well known that in a finitely generated free group a finitely generated normal subgroup is of finite index. This result is analogous to (and is also implied by) the following consequence of the above theorem.
(3.4) COROLLARY. Let R be as in (3.3). Then a two-sided ideal of R is finitely generated (as a right ideal) if and only if it is finite codimensional
Proof. This follows from (3.3) since a nontrivial 2-sided ideal in an integral domain is essential. D
Finitely generated ideals.
The fc-topology of the group ring is evidently an analogue of the profinite topology of the group. In 1950 M. Hall proved ( [5] ) that a finitely generated subgroup of a free group is closed in the profinite topology. He did this by proving that if x G G -H, where G is free and H is a finitely generated subgroup, then there is a subgroup of finite index containing H which does not contain x. His proof was an application of a result of Hall and Radό ( [3] ) which is, in a sense, a converse to Schreier's theorem. They proved that a prefix-closed set B (satisfying another restriction, which disappears when B is finite) in a free group is a Schreier system for an appropriate subgroup. In this section we show that a similar result holds for the free algebra and the free group ring.
We start by showing that the following analogue of Theorem 3.3 of Hall's paper [5] is true. when written in reduced form). Our purpose is to show that for some group element h appearing in some δ b j (beB-B^+V) the product hg does not cancel. To do this, we will use the notion of "distance" from the Schreier set B. If z e G is of reduced length n and a maximal prefix of it in B is of length m then the distance of z from B is defined to be n -m. We denote this function by d(B, z) . By the linear independence of the δ b j, it is clear that there is a group element h that appears in some δ b j {beB-1?
(/+) , / fixed as above) such that in the sum Σ beB _ B a+) δ b)i a b j, the element hg does not cancel. The distance of hg from B is evidently the length of g. We claim that In the product bxig, the x t cancels, so the distance from B of bxig  (b G B-BW) is less than d(B, hg) . This shows that hg does not appear in any bxig. But as g is of maximal length in a bfi , hg cannot appear also in any bx\a b^. Similarly, as for every element appearing in γ bi , be 2? -2?( /+ ), its right multiple by x~ι is in B, the distance from B of this element multiplield by g is less than d(B, hg) . This completes the proof that hg does not cancel in Σ beB __ B a+) u byi a bi . The proof will be finished once we show that the element hg does not appear in any It is not hard to exhibit closed ideals that are not finitely generated and also ideals that are not closed. For example, every non-zero twosided ideal / is essential, and if R/I is not finite dimensional over K then, by (3.4), / is not finitely generated. It is easily seen that / is closed if the fc-topology of R/I is Hausdorff, and this is true for many ideals /, e.g. when R/I is itself a free algebra.
On the other hand, let / be a two-sided ideal in a ring R such that R/I is a simple ring and is not finite dimensional over K. Such ideals are easily available. For example, R/I may be a Weyl algebra. We will show that the closure of / is R. Denote R/I by T. We claim first that the fc-topology of T is trivial. Indeed, if / is a right ideal of T of finite codimension then the annihilator of T/J is a twosided finite codimensional ideal of T, and no such exists. It follows that if Γ is any open (i.e. finite codimensional) right ideal of R then I+ Γ = R. Since it is known that the closure of / is the intersection of all / + /', with Γ an open ideal, it follows that indeed the closure of / is R.
Proof of (4.3). The proof in the case of the free algebra is much easier than in the case of the free group ring. Also, a closely related result appears in [8] . So we concentrate on the group ring case.
Let / be a finitely generated right ideal. If / is of finite codimension then there is nothing to prove. So, assume this is not the case. Let (ii) For bxi of length r+1, π'φxi) is defined such that for every fixed / the set {π'(bxi)\beB r } is linearly independent.
Note that since the elements π'(bxi), for a fixed /, mentioned in (i) are linearly independent (by Theorem (4.2)), the whole set π'(bxt), for a fixed /, is a linear basis for sp(2? r ), since it is a finite linearly independent set whose cardinality is equal to the dimension of sp(2? r ).
Let / be the right ideal generated by the elements where b eB r , length(έx z ) = r + 1, i= l 9 ... 9 n. Note that the non-trivial elements of the form bx\ -π'φxi), where b eB r is of length less than r, are a basis, over R, for /. It follows from the last theorem that / + / is a right ideal of finite codimension and B r is a Schreier basis for R/(I + /). Clearly, the sum / + / is direct. Finally, if z is an element of R -/ of length s, then taking r to be greater than s will ensure that z will not be in / + / (here we are using the fact that the Schreier basis is strong). By Proposition (4.1) / is closed in the fc-topology. D
Leavitt numbers.
If R is a ring one can define an equivalence relation ~ on the set of natural numbers, according to which p ~ q if the free right i?-modules of rank p and of rank q are isomorphic. It is known ( [7] ) that this equivalence relation can be described by two integers μ(R), u(R), where μ(R) is allowed to be oo, such that if p < μ(R) then the equivalence class of p is {p}, and if p > μ(R) then p ~ q if and only if p = q (modv(R)) and q > μ(R). If μ(R) = oc then R is said to have the unique rank property and in this case u(R) is an irrelevant number.
The numbers μ(R), v(R) are called the Leavitt numbers of R. Examples of rings for which the Leavitt numbers are any pair of positive integers have been given by Leavitt ([7] ) and by others.
Since rings of quotients are generally thought of as "simplifying" the original object, it may appear surprising that there exist rings that have the unique rank property whose maximal ring of quotients, Qmax(R), and βf C (-R) too do not have this property. In fact, it seems to be known among the experts that Q max of a free ring does not have the UR property. We show that in the free case one can give precise results. Again, we work over a field K. Proof. We claim, quite generally, that if a non-singular ring R (e.g. a domain) contains a right ideal J which is essential and free of infinite rank, 1 then the Leavitt numbers of Qmax(R) are 1,1. This means that we have to show that every two finitely generated free modules are isomorphic. To see that, let / be such an ideal. Evidently, J is isomorphic to J © /, e.g. through any bijection between a base of J and a base of / © / of the same cardinality. We denote the maximal localization of a module M by M max . Then, obviously, •Λnax ~ Λiax θ /max and it remains to show that / max is free of rank 1 over Qmaχ(^) = ^max This, however, is a general fact: the exact sequence
gives, for every essential ideal /, 0 -> Hom*(/, /) -> Hom*(7, R) -+ Hom*(7, R/J).
Taking the direct limit, over /, gives 0 -* «/max ~~* -Km * 0
since R/J is a torsion module and so
In fact, many non-trivial free products of two integral domains have such ideals.
Thus, / max is isomorphic to i? max and also to / max Θ /max, proving that the Leavitt numbers of i? max are μ = 1, v = 1. Note that the isomorphism / max ^ i? m aχ does not imply that the canonical image of / in i? m aχ generates the unit ideal. In fact, if / is not finitely generated this is not true, as follows from the considerations below, i.e. Lemma (5.2).
It remains to show that the free algebra and the free group ring (on n > 2 variables) have essential right ideals that are free of infinite rank. This follows most naturally from the fractal method of [9] . Another way is to note that every two-sided ideal / of R is essential as a right ideal, and if R/I is not finite dimensional over K then / is not finitely generated, as shown in Theorem (3.3) .
We now turn to Qf c . We observe, to begin with, that it is easy to see that μ(Qf c (R)) = 1 and v(Q ίc {R)) divides n -1. Indeed, μ of a ring is known to be the "smallest" rank of a free module that is not unique; and if two free modules are isomorphic then the difference of their ranks is divisible by v of that ring. In our case, since R has an ideal / (the augmentation ideal) of codimension 1 which is free of rank n then, as above, one proves that /f c & Rf C , which gives that the free Rf c modules of rank 1 (i.e. Rf c ) and of rank n (i.e. /f C ) are isomorphic. This proves that μ(Rf C ) = 1 and v(Rf c ) divides n -1.
Note, however, that in contrast to the case of an infinitely generated ideal, here the canonical image of / in Rf c generates the unit ideal.
If a e Qfc(R) 9 where R is as in the statement of the theorem, then a is represented by an element of Hom^(7, R), for some finite codimensional ideal /. It is not hard to see that there is a unique "maximal right ideal of definition" for a: this follows since, as R is an integral domain, the extension of a to a larger ideal is unique and so the "maximal" ideal of definition is the sum of all ideals of definition. We denote the maximal ideal of definition of a by D a , and its image a(D a ) by Im(α).
In what follows we repeatedly use the fact, which follows from the definitions, that if a € Qf c (R) and Ϊ\ , r 2 e R, then ar\ = ri in Qfc(R) if and only if r x eD a , r 2 e Im(α) and a{rχ) = r 2 . We observe that the converse of this lemma is also true (and easy to show), but we do not need it. 
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But Z) α is generated freely by the r /7 and so M/ 7 = 0 for all /, j, which gives the result. D
Completion of proof of (5.1). It remains to prove that z/(<2 fc (i?)) = n-1. It is enough to show that if Qf C (R), as a right β fc (i?)-module, is also free of rank mφ\, then n -1 divides m -1. So, let us suppose that the elements a\, ... , a m e Q{ C (R) generated Qf C (R) freely. Let D a . be the corresponding ideals of definition. Each Z) α is open in the fc-topology, i.e. it is of finite codimension, say e\. Therefore, by the Schreier-Lewin formula [8] it is free of rank 1 + e, (/i -1). It follows from Lemmas (5.2) and (5.3) that Y^L X α/ίA*,) is an essential right ideal of R, which is free of rank q = m + (J2ΊL\ e i)( n ~ 1) By Theorem (3.3) we get that this right ideal is of finite codimension, and again by the Schreier-Lewin formula q = 1 (mod(n -1)). Therefore m = 1 (mod(« -1)), which completes the proof. D
